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(b) Otr ihe time scsle , 3 elG (C >.0t6xe,J);:, ,t ,rt :.

' VQ'P\]11 T='d'"
so F: O(e).

(c) To show F I o(e), consider ," : l/rfe, Then ' -" l. r "
r(t,4 

= "*(u-vz)
Since coe(e-3l2) oocillat€s betw€en -1 and 1 and does not tead to 0 a5 6 --t 0, it follows that
F I o(e) on this scale.

Solution of Exerciee 3.

Coa,sider the BVP
eu'(r) - (r) : -1, u(0)=u(1)=0,

ttttt 
^=t/G.1) Verifcation of er6ct solution. Let r,-

ut(t\ =1 - Ae^' + Be-^', 1= 1:*. 
" 

= ;+
Since el2 = 1, dircct substitution shows eu!-&. = -1. Boundary conditioDs : 16(0) = 1-,{+B :
0 a,|td rrdl) = 1 - r4el + Be-r = 0i,veriffed by algeh,raic sieplifcstior

2) CorNergence iu 22. As e -+ 0, tr -r oo, and

A-e-^, B--t.

Il€nce,
u"(a) - t: -Aeb + Be)6 x -e-^o'') -e >@

Both telmE decay edonentialy away fro6 the boundaries. Compute :

I* - rlfu 
=t (lo' n"^t'-ta, * 

lo\ "*tu)='z{1--e-?) -0.

Thue llr4 - lll,, -t 0,60 tbe problem is regularly pertubed h the ll'-noro.

3) Forrnal expsnsioD" Assurne u:.1+ €4r + dta + O(€3). Subctilutrdg into the ODE :

e(/!+et!!+" ) - (t +eur + e2u2 + , '): -!.
Mstding posErs :

', O(e); -Ur=0+sr=0, Ae): -uz+il:0+vz=o.
Ilence ur(u) = o, rt2(r) = 0. Dedtrction : the regular ecrpansiot yields the coDstant solutioo
u : 1, v.'hich satisfies the rcduced equation but not the boundary cotrditi,ols. Hoc,ever,.the

disccepancy is coofined to thi:r bormdary layers wboae i2-norm vaisdis ab e '-+ dl I LI ''r ! I )'.'
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Perturbations of Difierential Equations

Solution of Final Exam

Solution of Exef,cise l.
Conside. the idtial lalue problem

4 * 0 *')'= ee-2t' s(o) : l'dL '-
where0<€<1.

1) Exact solution. Using the integrating factor p(r) = e(1+')', we obtain

{1,,,tr*.tt1 :,"1.-rt,
dl'"-

Integating from 0 to t and usiog g(0) : I :

rl^

- 9({)"(,+.x -t t e 
Jo.G 

1)"ds:1+--a(1 -ec-r)r).

Hetrce,
e - /"-tr-or - "-zr\ = L"-tr-.tt- -L"-zr.Y(t'€''=e r'-'' + 

-
,-6\- - J 1-€ l-€

2) Ta;.lor expansion of et act solution. Expand up to O(d). Using

p-(r+.)i = c-t(r -€rro(€2)), fr:i+e+oie'1.
ve fiod

9(t, €\ : e-t + €le-t(1 - t) - e ztf + O(82\.

Thus,
u(t) : e-t ' u(t\ = e-t(\ - t\ - e-zt '

3) Regular perturbation method. Assume 9 = 3b + egr + O(d). Substituting i[to the ODE :

(lo + Yo) + e(vir + gr + ud : ee-2' + O(ez\ '

At O(1) : /o+ro :0, vo(o) = 1 +so(r) :e-'.
Lt 0(e') : yi, + y : e-2 - e-t, h(o) = 0. Solving with integ.ating h.tor e' :

d , ,,
fifute'\=e-'-t + Yr(r)-c-r(l - t) - e-'.

4) Veriffcation. The expressions for 3b alxd yl obtained in parts (2) and (3) axe ideotical. Therdore,
the r ular perturbation expsnsion coitrcide6 vrith the Taylor expa,Dsion in € of the exact solution
up to O(€2).

Solution of Exercise 2.

f,et ftt. e) = e'zt'?cou(1).' \€,/
(a) On the time scale t € [0,4 (6xed ? > 0), we have

lF (t, e)l 3 e2Ta .

Thu6 F : 0(62) v,rith explicit constants K : ?2, €0 = 1, and ,: ?.
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