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Exercise 01: Let z = cos(%Z) + isin(Z). Calculate z and deduce the value of S = ¥¥Z§z*.
We have
27 = cos(Z x 7) + isin(2Z x 7) = cos(2m) + isin(2m) = 1....... (01.5p)

And
7
S=ykifzk == ="=—"=0.....(0L5p
Exercise 02: Let (u,) be a real sequence defined by
uo = 0
Up+un+1
un+1 = —— neN

Up+2
1. Provethatvn € N:0 < u,, < 1.
We prove by induction. It’s clear that 0 < uy =0 < 1...... (01p)
Assume that 0 < u,, < 1.

x2+x+1 . : : ;

Let f(x) = —5 - We have f is strictly increasing on [0,1] .....(01p)
then

f0) < fup) < f(D)
So

1 n2tup+1 3
OSESuu:—Z;zunH<§=1 ........ (01.5p)

therefore

0<u,,1<1
Thusvn e N:0 <u, < 1.
2. Show that (u,,) is strictly increasing, what do you conclude?
We have

Up+un+1 _ 1-uy
Up+2 n Up+2

vneNiu, . —u, = >0.......(01.5p)

Then (u,,) is strictly increasing.
Since (u,,) is strictly increasing and bounded above by 1, therefore, it is convergent and its limit is [ such that

BA = 1.......(01p)

I+
H Y,
Exercise 03: 1. Let f(x) = {11 9; l_nl(;CI, x#0

It’s clear that f is continuous on R*, we have

limf (x) = lim(1 — x*In|x|) = 1 = f(0)

. Prove that f € C1(R).

SO f is continuous at 0 then £ is continuous on R. ....... (01p)
We have also f is differentiable on R because
Vx € R*: f/(x) = —2xIn|x| — x...... (0.5p)
and
lim £SO _ jjp, 227l _ lim — xtnfx| = 0 = £/(0)......(0.5p)

x—0 x—0 x—0 X

We have f/ is continuous on R* and

)lci_r)r(l)f/(x) = )lci_r>r(1)(—2xln|x| —x)=0=f/(0)...... (0.5p)
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Then £/ is continuous at 0.

Therefore £/ is continuous on R....... (0.5p)
Finally, we conclude that f € C1(R).

2. Let f(x) = x3 + 3x + 1, calculate (f=1)/(1).

We know that
_ / _ 1
(f 1) (1) - f/(f_l(l)) ....... (O.5p)

We have
fff)=aefl@)=1ex*+3x+1=1ox*+3x=0a(@?+3)=0a=0....(0.5p)
So
A1) =0 and f/(f71(1)) = f/(0) =3 x 0% + 3 = 3....(0.5p)
thus

1

FH1)==... (0.5p)

3

Exercise 04: Let f:]1,+oo[ » R, f(x) = arcsin(1/x).
1. Determine the limits of f and study the direction of change of f.
We have

limf (x) = limarcsin(1/x) = arcsin(1) = Z...... (01p)
x—-1 x—-1 2

lil;n fx) = lirﬁp arcsin(1/x) = arcsin(0) = 0...... (01p)
X—+00 X—+00

We have f is differentiable on ]1, +oo[ and

11
Vx € 11, +oo[: f/(x) = -

Therefore f is strictly decreasing...... (0.5p)

2. Prove that f(x) = 7 has a unique solution on |1, +oo[ and trace the graph of f.
We have
f=ef0)-7=0
g(x)

The function g is continuous and strictly decreasing on ]1, +oo[. So, by using the intermediate value theorem, we
find that the equation g(x) = 0 & f(x) = Z has a unique solution on ]1, +-oof...... (01.5p)

The graphof f....... (01.5p)
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